
✹❜✮  ♦✉# n ≥ 1✱ ♥♦&♦♥' En ❧✬*✈,♥❡♠❡♥& ✓ ❧❡ ♣✐♦♥ #❡'&❡ '✉# ❧❡' ❝❛'❡' B ❡& C ❡♥&#❡ ❡♥&#❡ ❧❡' ✐♥'&❛♥&' 1 ❡& n '❛♥' #❡♣❛''❡#
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n '❛♥' #❡♣❛''❡# ♣❛# ❧❛ ❝❛'❡ A✱ ❡& ❡'& ❡♥ C 4 ❧✬✐♥'&❛♥& n ✔✳ ◆♦&♦♥' an = P (En) ❡& bn = P (Fn)✳
❆❧♦#' ♣♦✉# n ≥ 1✱ En+1 = En+1 ∩ (En ∪ Fn) ❝❛# 4 ❧✬✐♥'&❛♥& n✱ ❧❡ ♣✐♦♥ *&❛✐& '♦✐& ❡♥ B✱ '♦✐& ❡♥ C✳ ❉♦♥❝ En+1 =

(En+1 ∩ En) ∪ (En+1 ∩ Fn)✱ ❡& ❝♦♠♠❡ ❧❡' *✈,♥❡♠❡♥&' '♦♥& ✐♥❝♦♠♣❛&✐❜❧❡'✱

an+1 = P (En+1) = P (En+1 ∩ En) + P (En+1 ∩ Fn) = PEn
(En+1)P (En) + PFn

(En+1)P (Fn)

= PEn
(En+1)pn + PFn

(En+1)qn =
1

3
an +

1

3
bn

❉❡ ♠;♠❡✱ bn+1 =
1

3
an +

1

3
bn✱ ❡♥ ♣❛#&✐❝✉❧✐❡#✱ ♦♥ &#♦✉✈❡ <✉❡ an = bn ♣♦✉# &♦✉& n ≥ 2✳

❖#✱ a1 = P (B1) =
1

4
❡& b1 = P (C1) =

1

4
✱ ❞♦♥❝ ♦♥ ❛ ❡♥❝♦#❡ an = bn ♣♦✉# &♦✉& n ≥ 1✳

❉♦♥❝ an+1 =
2

3
an ♣♦✉# &♦✉& n ≥ 1✱ ❞♦♥❝ (an)n≥1 ❡'& ✉♥❡ '✉✐&❡ ❣*♦♠*&#✐<✉❡ ❞❡ #❛✐'♦♥

2

3
✱ a1 =

1

4
✱ ❞♦♥❝ bn = an =

1

4

(

2

3

)n−1
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✭♣♦✉# n ≥ 1✮ ✿
1

2

(

2

3

)n−1

✳

✺✮ ❖♥ ❝❤❡#❝❤❡ PD2
(A1)✳ ❆❧♦#' ♣❛# ❧❛ ❢♦#♠✉❧❡ ❇❛②❡'✱ PD2

(A1) =
PA1

(D2)P (A1)

P (D2)
=

1

4
× 1

4

5

16

=
1

5
✳

✻✮ lim
n→+∞

sn = lim
n→+∞

(

1−
3

4

(

11

12

)n−1
)

= 1 ❝❛#

∣

∣

∣

∣
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∣

∣

∣

∣

< 1✳

❖#✱ sn = P (Dn)✱ ❡& ❧✬✉♥❡ ❞❡' #,❣❧❡' ❡'& <✉❡✱ '✐ ❧❡ ♣✐♦♥ ❡'& ❡♥ D 4 ✉♥ ✐♥'&❛♥&✱ ❧✬✐♥'&❛♥& '✉✐✈❛♥& ❛✉''✐✱ ❞♦♥❝ Dn ⊂ Dn+1

♣♦✉# &♦✉& ❡♥&✐❡# n ≥ 0✳ ❉♦♥❝ ❧❛ '✉✐&❡ (Dn)n≥0 ❡'& ❝#♦✐''❛♥&❡ ♣♦✉# ❧✬✐♥❝❧✉'✐♦♥✱ ❡& ❞♦♥❝ 1 = lim
n→+∞

sn = P

(

⋃

n≥0

Dn

)

✳

❆✉&#❡♠❡♥& ❞✐&✱ ❛✈❡❝ ♣#♦❜❛❜✐❧✐&* 1✱ ❧❡ ♣✐♦♥ '❡ #❡&#♦✉✈❡ ❡♥ D 4 ✉♥ ✐♥'&❛♥& ✜♥✐✳

 #♦❜❧,♠❡ ■✲✶✮ [L1 = n] =
(

F1 ∩ · · · ∩ Fn ∩ Pn+1

)

∪
(

P1 ∩ · · · ∩ Pn ∩ Fn+1

)

✱ ❡'& ❧✬✉♥✐♦♥ ❞❡ ❞❡✉① *✈,♥❡♠❡♥&' ❞✐'❥♦✐♥&' ✭❝❛#

F1 ∩ · · · ∩ Fn ∩ Pn+1 ⊂ F1✱ P1 ∩ · · · ∩ Pn ∩ Fn+1 ⊂ P1 ❡& F1 ∩ P1 = ∅✱ ♣❛# ❡①❡♠♣❧❡✮✳ ❉♦♥❝✱ ♣❛# ❛❞❞✐&✐✈✐&* ❞❡ ❧❛ ♣#♦❜❛❜✐❧✐&*✱
P (L1 = n) = P

(

F1 ∩ · · · ∩ Fn ∩ Pn+1

)

+ P
(

P1 ∩ · · · ∩ Pn ∩ Fn+1

)

✳

 ✉✐'✱ ❝♦♠♠❡ ❧❡' ❧❛♥❝❡#' ❞❡ ♣✐,❝❡ '♦♥& ✐♥❞*♣❡♥❞❛♥&' ❧❡' ✉♥' ❞❡' ❛✉&#❡' ✭♣❛# ❤②♣♦&❤,'❡✮✱ ❧❡' *✈,♥❡♠❡♥&' (F1, . . . , Fn, Pn+1)
'♦♥& ♠✉&✉❡❧❧❡♠❡♥& ✐♥❞*♣❡♥❞❛♥&' ✭❝❛# ❝❤❛❝✉♥ ❡'& ❛&&❛❝❤* 4 ✉♥ '❡✉❧ ❧❛♥❝❡#✱ ❞✐✛*#❡♥& ❞❡ ❝❡❧✉✐ ❞❡' ❛✉&#❡' *✈,♥❡♠❡♥&'✮✳ ❉♦♥❝

♣❛# ✐♥❞*♣❡♥❞❛♥❝❡✱ P
(

F1 ∩ · · · ∩ Fn ∩ Pn+1

)

= P (F1)× · · · × P (Fn)× P (Pn+1) = qnp✳

❉❡ ♠;♠❡✱ P
(

P1 ∩ · · · ∩ Pn ∩ Fn+1

)

= pnq✳ ❉♦♥❝ ♦♥ ❛ ❜✐❡♥ P (L1 = n) = pnq + qnp✳

❊♥✜♥✱

∑

n≥1

pn ❡&
∑

n≥1

qn '♦♥& ❞❡' '*#✐❡' ❣*♦♠*&#✐<✉❡' ❞❡ #❛✐'♦♥ p ❡& q #❡'♣❡❝&✐✈❡♠❡♥&✱ ❞♦♥❝ ❝♦♥✈❡#❣❡♥&❡' ❝❛# p ❡& q ❛♣♣❛#✲

&✐❡♥♥❡♥& 4 [0, 1[✳ ❉♦♥❝✱ ♣❛# ❝♦♠❜✐♥❛✐'♦♥ ❧✐♥*❛✐#❡✱
∑

n≥1

P (L1 = n) ❝♦♥✈❡#❣❡ ❡&
+∞
∑

n=1

P (L1 = n) = q

+∞
∑

n=1

pn + p

+∞
∑

n=1

qn = q
p

1− p
+ p

q

1− q
= p+ q = 1 ✭❡♥ ✉&✐❧✐'❛♥& p+ q = 1✮✳

✷❛✮ [L1 = n] ∩ [L2 = k] =
(

F1 ∩ · · · ∩ Fn ∩ Pn+1 ∩ · · · ∩ Pn+k ∩ Fn+k+1

)

∪
(

P1 ∩ · · · ∩ Pn ∩ Fn+1 ∩ · · · ∩ Fn+k ∩ Pn+k+1

)

✱

❞♦♥❝ ❞❡ ♠;♠❡ <✉✬4 ❧❛ ♣#❡♠✐,#❡ <✉❡'&✐♦♥✱

P
(

[L1 = n] ∩ [L2 = k]
)

=
n
∏

i=1

P (Fi)×
k
∏

i=1

P (Pn+i)× P (Fn+k+1) +
n
∏

i=1

P (Pi)×
k
∏

i=1

P (Fn+i)× P (Pn+k+1)

= qnpkq + ppnqkp = qn+1pk + pn+1qk = q2pk × qn−1 + p2qk × pn−1

✷❜✮ ❈♦♠♠❡ L1 ❡'& *✈✐❞❡♠♠❡♥& 4 ✈❛❧❡✉#' ❞❛♥' ◆
∗
✭❡& ♦♥ ❛ ♠;♠❡ L1(Ω) = ◆

∗
❣#O❝❡ 4 ❧❛ ✈*#✐✜❝❛&✐♦♥

+∞
∑

n=1

P (L1 = n) = 1✮

❡& <✉❡ L1 ❡'& ✉♥❡ ✈❛#✐❛❜❧❡ ❛❧*❛&♦✐#❡✱ ♦♥ ❛

(

[L1 = n]
)

n∈◆∗
<✉✐ ❡'& ✉♥ '②'&,♠❡ ❝♦♠♣❧❡& ❞✬*✈,♥❡♠❡♥&'✱ ❞♦♥❝ ❧❛ ❢♦#♠✉❧❡ ❞❡'

♣#♦❜❛❜✐❧✐&*' &♦&❛❧❡' ❞♦♥♥❡ ✿

P (L2 = k) =

+∞
∑

n=1

P
(

[L1 = n] ∩ [L2 = k]
)

= q2pk
+∞
∑

n=1

qn−1 + p2qk
+∞
∑

n=1

pn−1 = q2pk
1

1− q
+ p2qk

1

1− p
= q2pk−1 + p2qk−1

✷❝✮ ❈♦♠♠❡ L2 ❡'& *✈✐❞❡♠♠❡♥& 4 ✈❛❧❡✉#' ❞❛♥' ◆
∗
✱ ❧❡ ❢❛✐& ❞✬❛❞♠❡&&#❡ <✉❡

+∞
∑

k=1

P (L2 = k) = 1 #❡✈✐❡♥& 4 ❛❞♠❡&&#❡ <✉❡

L2(Ω) = ◆

∗
✳ ■❧ ❢❛✉& ❞♦♥❝ ♠♦♥&#❡# <✉❡ ❧❛ '*#✐❡

∑

k≥1

kP (L2 = k) ❝♦♥✈❡#❣❡ ❛❜'♦❧✉♠❡♥&✱ ❡& ❝♦♠♠❡ ❡❧❧❡ ❡'& 4 &❡#♠❡' ♣♦'✐&✐❢'✱ &♦✉&

#❡✈✐❡♥& 4 ♠♦♥&#❡# <✉✬❡❧❧❡ ❝♦♥✈❡#❣❡✳

▲✐♦♥❡❧ ❉♦'❛)✱ ▲②❝-❡ ❈❧❛✉❞❡ ❋❛✉'✐❡❧✱ ❙❛✐♥) ❊)✐❡♥♥❡ ✸✷



❖!✱

∑

k≥1

kq2pk−1 = q2
∑

k≥1

kpk−1
❝♦♥✈❡!❣❡✱ ❝❛! ♦♥ !❡❝♦♥♥❛*+ ✉♥❡ -.!✐❡ ❣.♦♠.+!✐1✉❡ ❞.!✐✈.❡ ❞❡ !❛✐-♦♥ p ✭❡+ 1✉❡ p ∈ [0, 1[✮✱

❡+ ❞♦♥❝

+∞
∑

k=1

kq2pk−1 = q2
1

(1− p)2
= 1✳ ❉❡ ♠7♠❡✱

∑

k≥1

kp2qk−1
❝♦♥✈❡!❣❡ ❡+

+∞
∑

k=1

kp2qk−1 = 1✳ ❉♦♥❝✱ ♣❛! ❝♦♠❜✐♥❛✐-♦♥ ❧✐♥.❛✐!❡✱

∑

k≥1

kP (L2 = k) ❝♦♥✈❡!❣❡ ✭❞♦♥❝ L2 ❛ ✉♥❡ ❡-♣.!❛♥❝❡✮✱ ❡+ ❊(L2) =
+∞
∑

k=1

kP (L2 = k) =
+∞
∑

k=1

kq2pk−1 +
+∞
∑

k=1

kp2qk−1 = 1+ 1 = 2 ✳

✷❞✮ L2(L2 − 1) ❛ ✉♥❡ ❡-♣.!❛♥❝❡ -✐ ❡+ -❡✉❧❡♠❡♥+ -✐ ❧❛ -.!✐❡
∑

k≥1

k(k − 1)P (L2 = k) ❝♦♥✈❡!❣❡ ✭❛❜-♦❧✉♠❡♥+✱ ♠❛✐- ❝♦♠♠❡ ❡❧❧❡

❡-+ ; +❡!♠❡- ♣♦-✐+✐❢-✱ ❝♦♥✈❡!❣❡ -✉✣+✮✱ ❡+ ❛❧♦!- ❧✬❡-♣.!❛♥❝❡ ✈❛✉+ ❧❛ -♦♠♠❡ ❞❡ ❧❛ -.!✐❡ ✭+❤.♦!@♠❡ ❞❡ +!❛♥-❢❡!+✮✳

❖!✱

∑

k≥1

k(k − 1)P (L2 = k) = p2q
∑

k≥2

k(k − 1)qk−2 + q2p
∑

k≥2

k(k − 1)pk−2
✭❧❡ +❡!♠❡ k = 1 ❡-+ ♥✉❧✮ ❡-+ ❧❛ -♦♠♠❡ ❞❡ ❞❡✉①

-.!✐❡- ❣.♦♠.+!✐1✉❡- ❞.!✐✈.❡- ❞❡✉① ❢♦✐-✱ ❞❡ !❛✐-♦♥ q ∈ [0, 1[ ❡+ p ∈ [0, 1[✱ ❞♦♥❝ ❝♦♥✈❡!❣❡♥+ ✭❝❛! ❧❛ -.!✐❡ ❡♥+✐@!❡ ❣.♦♠.+!✐1✉❡ ❛ 1
♣♦✉! !❛②♦♥ ❞❡ ❝♦♥✈❡!❣❡♥❝❡✮✳

❈♦♠♠❡

+∞
∑

k=2

k(k − 1)xk−2 =

(

1

1− x

)′′

=
2

(1− x)3
♣♦✉! x ∈] − 1, 1[✱ ♦♥ ❛ ❊

(

L2(L2 − 1)
)

= p2q
2

(1− q)3
+ q2p

2

(1− p)3
=

2q

p
+

2p

q
✭❝❛! 1− p = q ❡+ 1− q = p✮✳

D✉✐-✱ ♣❛! ❛❞❞✐+✐♦♥ ❞❡ ❞❡✉① ✈❛!✐❛❜❧❡- ❛❧.❛+♦✐!❡- 1✉✐ ♦♥+ ✉♥❡ ❡-♣.!❛♥❝❡✱ L2
2 = L2(L2 − 1) + L2 ❛ ✉♥❡ ❡-♣.!❛♥❝❡✱ ❞♦♥❝ L2 ❛

✉♥❡ ✈❛!✐❛♥❝❡✱ ❡+ ✭❢♦!♠✉❧❡ ❞❡ ❍✉②❣❡♥-✮ ❱(L2) = ❊

(

L2(L2 − 1)
)

+ ❊(L2)− ❊(L2)
2 =

2q

p
+

2p

q
+ 2− 4 =

2q2 + 2p2 − 2qp

pq
✳

■■✲✶✮ N1 = 1 ✱ ❝✬❡-+ ✉♥❡ ✈❛!✐❛❜❧❡ ❝♦♥-+❛♥+❡✳ ❉♦♥❝ ❊(N1) = 1 ✳

❙✐ n = 2✱ ♦♥ ❢❛✐+ ❞❡✉① ❧❛♥❝❡!-✱ ❞♦♥❝ Ω = {P1 ∩ P2, F1 ∩ F2, P1 ∩ F2, F1 ∩ P2}✳ ❖!✱ N2(P1 ∩ P2) = N2(F1 ∩ F2) = 1 ❡+

N2(P1∩F2) = N2(F1∩P2) = 2✳ ❉✬♦GN2(Ω) = {1, 2}✱ P (N2 = 2) = P (P1∩F2)+(F1∩P2) = P (P1)×P (F2)+P (F1)×P (P2) =
1

2

❡+ P (N2 = 1) = P (P1 ∩ P2) + (F1 ∩ F2) = P (P1)× P (P2) + P (F1)× P (F2) =
1

2
✳ ❉♦♥❝ ❊(N2) = 1×

1

2
+ 2

1

2
=

3

2
✳

✷✮ Nn !❡♥✈♦✐❡ ✉♥ ♥♦♠❜!❡ ❞❡ -.!✐❡-✱ ❞♦♥❝ ❡-+ ✉♥ ❡♥+✐❡!✱ ♥♦♥ ♥✉❧ ❝❛! ♦♥ ❛ +♦✉❥♦✉!- ❛✉ ♠♦✐♥- ✉♥❡ -.!✐❡ ✭❧❡ ♣!❡♠✐❡! ❧❛♥❝❡!

❝♦♠♠❡♥❝❡ ✉♥❡ ♣!❡♠✐@!❡ -.!✐❡ ✦✮✱ ❡+ ❛✉ ♣❧✉- n ❝❛! ♦♥ ❢❛✐+ n ❧❛♥❝❡!- ✭♦♥ ♥❡ ♣❡✉+ ♣❛- ❛✈♦✐! ♣❧✉- ❞❡ -.!✐❡- 1✉❡ ❞❡ ❧❛♥❝❡!-✮✳ ❉♦♥❝

Nn(Ω) ⊂ [[1, n]]✳
❘.❝✐♣!♦1✉❡♠❡♥+✱ -✐ 1 ≤ k ≤ n ❡+ ω !.❛❧✐-❡ F1∩· · ·∩Fn−k+1∩Pn−k+2∩Fn−k+3∩Pn−k+3∩ . . . ✭♦♥ ❛❧+❡!♥❡ ; ❝❤❛1✉❡ ❧❛♥❝❡!✱

; ♣❛!+✐! ❞✉ ❧❛♥❣❡! ♥✉♠.!♦ n− k + 1✮✱ ❛❧♦!- Nn(ω) = k✱ ❞♦♥❝ k ∈ Nn(Ω)✳ ❉♦♥❝ Nn(Ω) = [[1, n]]✳
[Nn = 1] =

(

F1 ∩F2 ∩ · · · ∩Fn

)

∪
(

P1 ∩ P2 ∩ · · · ∩ Pn

)

❡+ [Nn = n] =
(

F1 ∩P2 ∩P3 ∩F4 ∩ . . . )∪
(

P1 ∩F2 ∩ P3 ∩F4 ∩ . . .
)

✱

❞♦♥❝ P (Nn = 1) =
1

2n−1
❡+ P (Nn = n) =

1

2n−1
✳

✸✮ ❳❬✵❪ ❂ ♣✐❡❝❡✭✮

◆❬✵❪ ❂ ✶

❢♦/ ✐ ✐♥ /❛♥❣❡✭✶✱ ♠✮ ✿

❳❬✐❪ ❂ ♣✐❡❝❡✭✮

✐❢ ❳❬✐❪ ❂❂ ❳❬✐ ✲ ✶❪ ✿ ◆❬✐❪ ❂ ◆❬✐ ✲ ✶❪

❡❧8❡ ✿ ◆❬✐❪ ❂ ◆❬✐ ✲ ✶❪ ✰ ✶

/❡:✉/♥ ◆

✹❛✮ ❈♦♠♠❡ Nn ❡-+ ; ✈❛❧❡✉!- ✜♥✐❡-✱ -✐ ♦♥ ❛♣♣❧✐1✉❡ ❧❡ +❤.♦!@♠❡ ❞❡ +!❛♥-❢❡!+✱ ♦♥ -❛✐+ 1✉❡ sNn
❛ ✉♥❡ ❡-♣.!❛♥❝❡✱ ❡+ ❞❡ ♣❧✉-

❊(sNn) =
n

∑

k=1

skP (Nn = k) = Gn(s)✳

✹❜✮ ❈♦♠♠❡ Gn ❡-+ ✉♥ ♣♦❧②♥L♠❡ ❡♥ s✱ ♦♥ ♣❡✉+ ❧❡ ❞.!✐✈❡!✳

❉✬♦G G′(s) =
n

∑

k=1

kP (Nn = k)sk−1
✱ ❞♦♥❝ G′(1) =

n
∑

k=1

kP (Nn = k)✱ ❡+ ❝✬❡-+ ❊(Nn) ❝❛! Nn ❡-+ ; ✈❛❧❡✉!- ❞❛♥- [[1, n]]✳

✹❝✮ ❯+✐❧✐-♦♥- ❧❛ ❢♦!♠✉❧❡ ❞❡- ♣!♦❜❛❜✐❧✐+.- +♦+❛❧❡- ❛✈❡❝ ❧❡ -②-+@♠❡ ❝♦♠♣❧❡+ ❞✬.✈@♥❡♠❡♥+ (Pn−1, Fn−1) ✿

P
(

[Nn = k] ∩ Pn

)

= P
(

[Nn = k] ∩ Pn ∩ Pn−1

)

+ P
(

[Nn = k] ∩ Pn ∩ Fn−1

)

.

❖!✱ -✐ ♦♥ ❛ Pn−1 ∩ Pn✱ ❛❧♦!- ♦♥ ❛ Nn = Nn−1✱ ❝❛! ❛✉ ❧❛♥❝❡! ♥✉♠.!♦ n✱ ♦♥ ❛ ❝♦♥+✐♥✉. ❧❛ -.!✐❡ 1✉✐ .+❛✐+ ❡♥ ❝♦✉!- ❛✉ ♠♦♠❡♥+

❞✉ (n − 1)✲✐@♠❡ ❧❛♥❝❡!✳ ❉♦♥❝ [Nn = k] ∩ Pn ∩ Pn−1 = [Nn−1 = k] ∩ Pn ∩ Pn−1✳ D✉✐-✱ [Nn−1 = k] ∩ Pn−1 ♥❡ ❝♦♥❝❡!♥❡ 1✉❡

❧❡- n − 1 ♣!❡♠✐❡!- +✐!❛❣❡-✱ ❡+ Pn ❝❡❧✉✐ ❞✉ n✲✐@♠❡ +✐!❛❣❡✱ ❞♦♥❝ ✐❧- -♦♥+ ✐♥❞.♣❡♥❞❛♥+- ✭❝❛! ❧❡- +✐!❛❣❡- -♦♥+ ✐♥❞.♣❡♥❞❛♥+- ♣❛!

❤②♣♦+❤@-❡✮✱ ❞♦♥❝ P
(

[Nn = k] ∩ Pn ∩ Pn−1

)

= P
(

[Nn−1 = k] ∩ Pn−1

)

P (Pn) = P
(

[Nn−1 = k] ∩ Pn−1

)1

2
✳

❊♥✜♥✱ -✐ ♦♥ ❛ Fn−1 ∩ Pn✱ ❛❧♦!- ♦♥ ❛ Nn = Nn−1 + 1✱ ❝❛! ❛✉ ❧❛♥❝❡! ♥✉♠.!♦ n✱ ♦♥ ❛ ❝♦♠♠❡♥❝. ✉♥❡ -.!✐❡ ❞✐✛.!❡♥+❡ ❞❡ ❝❡❧❧❡

1✉✐ .+❛✐+ ❡♥ ❝♦✉!- ❛✉ ♠♦♠❡♥+ ❞✉ (n − 1)✲✐@♠❡ ❧❛♥❝❡!✳ ❉♦♥❝ [Nn = k] ∩ Pn ∩ Fn−1 = [Nn−1 = k − 1] ∩ Pn ∩ Fn−1✳ D✉✐-✱

[Nn−1 = k − 1] ∩ Fn−1 ♥❡ ❝♦♥❝❡!♥❡ 1✉❡ ❧❡- n − 1 ♣!❡♠✐❡!- +✐!❛❣❡-✱ ❡+ Pn ❝❡❧✉✐ ❞✉ n✲✐@♠❡ +✐!❛❣❡✱ ❞♦♥❝ ✐❧- -♦♥+ ✐♥❞.♣❡♥❞❛♥+-

✭❝❛! ❧❡- +✐!❛❣❡- -♦♥+ ✐♥❞.♣❡♥❞❛♥+- ♣❛! ❤②♣♦+❤@-❡✮✱ ❞♦♥❝ P
(

[Nn = k] ∩ Pn ∩ Fn−1

)

= P
(

[Nn−1 = k − 1] ∩ Fn−1

)

P (Pn) =
▲✐♦♥❡❧ ❉♦'❛)✱ ▲②❝-❡ ❈❧❛✉❞❡ ❋❛✉'✐❡❧✱ ❙❛✐♥) ❊)✐❡♥♥❡ ✸✸



P
(

[Nn−1 = k − 1] ∩ Fn−1

)1

2
✳ ❊♥ #❡❣#♦✉♣❛♥*✱ ♦♥ ❛ ❜✐❡♥ ❧❛ ❢♦#♠✉❧❡ ✿

P
(

[Nn = k] ∩ Pn

)

= P
(

[Nn−1 = k] ∩ Pn−1

)1

2
+ P

(

[Nn−1 = k − 1] ∩ Fn−1

)1

2
.

2♦✉# *❡#♠✐♥❡#✱ ♦♥ ❛♣♣❧✐3✉❡ ❧❛ ❢♦#♠✉❧❡ ❞❡5 ♣#♦❜❛❜✐❧✐*6❡5 *♦*❛❧❡5 ❛✈❡❝ ❧❡ 5②5*:♠❡ ❝♦♠♣❧❡* ❞✬6✈:♥❡♠❡♥* (Pn, Fn)✱ 3✉✐ ❞♦♥♥❡

P (Nn = k) = P
(

[Nn = k] ∩ Pn

)

+ P
(

[Nn = k] ∩ Fn

)

✳ ▲❡5 ❢♦#♠✉❧❡5 ♣#6❝6❞❡♥*❡5 ✭❞♦♥* ❝❡❧❧❡ ❛❞♠✐5❡ ♣❛# ❧✬6♥♦♥❝6✮ ❞♦♥♥❡♥* ✿

P (Nn = k) = P
(

[Nn−1 = k] ∩ Pn−1

)1

2
+ P

(

[Nn−1 = k − 1] ∩ Fn−1

)1

2
+ P

(

[Nn−1 = k] ∩ Fn−1

)1

2
+ P

(

[Nn−1 = k − 1] ∩ Pn−1

)1

2

=
1

2

[

P
(

[Nn−1 = k] ∩ Pn−1

)

+ P
(

[Nn−1 = k] ∩ Fn−1

)

]

+
1

2

[

P
(

[Nn−1 = k − 1] ∩ Pn−1

)

+ P
(

[Nn−1 = k − 1] ∩ Fn−1

)

]

2✉✐5✱ ❧❛ ❢♦#♠✉❧❡ ❞❡5 ♣#♦❜❛❜✐❧✐*6❡5 *♦*❛❧❡5 ❛♣♣❧✐3✉6❡5 ❛✈❡❝ ❧❡ 5②5*:♠❡ ❝♦♠♣❧❡* ❞✬6✈:♥❡♠❡♥* (Pn−1, Fn−1) ❞♦♥♥❡ ❧❡5 6❣❛❧✐*65

P
(

[Nn−1 = k]∩Pn−1

)

+P
(

[Nn−1 = k]∩Fn−1

)

= P (Nn−1 = k) ❡* P
(

[Nn−1 = k− 1]∩Pn−1

)

+P
(

[Nn−1 = k− 1]∩Fn−1

)

=
P (Nn−1 = k − 1)✳

❉♦♥❝ ❡♥ #❡❣#♦✉♣❛♥*✱ ♦♥ ❛ ❜✐❡♥ P (Nn = k) =
1

2
P (Nn−1 = k) +

1

2
P (Nn−1 = k − 1)✳

✹❞✮ ❊♥ ✉*✐❧✐5❛♥* ❧❛ ❢♦#♠✉❧❡ ♣#6❝6❞❡♥* ✿

Gn(s) =
n
∑

k=1

(

1

2
P (Nn−1 = k) +

1

2
P (Nn−1 = k − 1)

)

sk =
1

2

n
∑

k=1

P (Nn−1 = k)sk +
1

2

n
∑

k=1

P (Nn−1 = k − 1)sk

=
p=k−1

1

2
Gn−1(s) +

1

2

n−1
∑

p=0

P (Nn−1 = p)sp+1 =
1

2
Gn−1(s) +

1

2
sGn−1(s)

❝❛# 5✐ p = 0✱ P (Nn−1 = 0)s0+1 = 0✱ ❡* 5✐ k = n✱ P (Nn−1 = n)sn = 0 ✭❝❛# Nn−1(Ω) = [[1, n−1]]✮✳ ❉✬♦@ Gn(s) =
1 + s

2
Gn−1(s)✳

❉♦♥❝ ❧❛ 5✉✐*❡

(

Gn(s)
)

n∈◆∗
❡5* ❣6♦♠6*#✐3✉❡ ❞❡ #❛✐5♦♥

1 + s

2
✭❝❛# ❧❡ #6❡❧

1 + s

2
♥❡ ❞6♣❡♥❞ ♣❛5 ❞❡ ❞❡ n✮✳ ❖#✱ G1(s) =

1
∑

k=1

P (N1 = 1)sk = s✱ ❞♦♥❝ ♦♥ ❡♥ ❞6❞✉✐* ❞✐#❡❝*❡♠❡♥* 3✉❡ Gn(s) = s

(

1 + s

2

)n−1

✳

✹❡✮ G′n(s) =

(

1 + s

2

)n−1

+
n− 1

2
s

(

1 + s

2

)n−2

✱ ❞♦♥❝ G′n(1) = 1 +
n− 1

2
✱ ❞♦♥❝ ❊(Nn) =

n+ 1

2
✳

2#♦❜❧:♠❡ ■✶✮ ❆✉ ❞6♣❛#*✱ ❧❡ ♠♦❜✐❧❡ ❡5* ❛✉ ♣♦✐♥* ❞✬❛❜5❝✐55❡ ③6#♦✳ ❙✉✐✈❛♥* ❧❛ #:❣❧❡✱ E ❧✬6*❛♣❡ ❞✬❛♣#:5✱ 5♦♥ ❛❜5❝✐55❡ ❛✉#❛ 5♦✐*

❛✉❣♠❡♥*6❡ ❞❡ 1 ✭❡* ✈❛✉❞#❛ ❞♦♥❝ 1✮✱ 5♦✐* #❡*♦✉#♥6❡ E 0✳ ❉♦♥❝ ♦♥ ❛ ❜✐❡♥ X1(Ω) = {0, 1}✳

P (X1 = 0) =
1

2
❡* P (X1 = 1) =

1

2
✳

✷✮ ❋❛✐5♦♥5 ✉♥❡ #6❝✉##❡♥❝❡ 5✉# n✳

▲✬✐♥✐*✐❛❧✐5❛*✐♦♥ E n = 1 ❛ 6*6 ❢❛✐*❡ E ❧❛ 3✉❡5*✐♦♥ ♣#6❝6❞❡♥*❡ ✭❡* ♣♦✉# n = 0✱ ❝✬❡5* ✐♠♠6❞✐❛* ♣✉✐53✉❡ X0 ❡5* ❝♦♥5*❛♥* 6❣❛❧ E

0 ♣❛# ❤②♣♦*❤:5❡✮✳

2♦✉# ❧✬❤6#6❞✐*6 ✿ 5✉♣♣♦5♦♥5 3✉❡ Xn(Ω) = {0, . . . , n}✳ ❙♦✐* k ∈ {1, . . . , n + 1}✱ ❛❧♦#5 ❝♦♠♠❡ k − 1 ∈ Xn(Ω)✱ ✐❧ ❡①✐5*❡ ✉♥

❞6♣❧❛❝❡♠❡♥* 3✉✐ ❢❛✐* 3✉✬E ❧✬✐♥5*❛♥* n ❧❡ ♠♦❜✐❧❡ 5♦✐* ❛✉ ♣♦✐♥* ❞✬❛❜5❝✐55❡ k − 1✳ ❆❧♦#5✱ ❞✬❛♣#:5 ❧❛ #:❣❧❡✱ E ❧✬✐♥5*❛♥* 5✉✐✈❛♥*✱

✐❧ ♣❡✉* 5❡ #❡*#♦✉✈❡# ❛✉ ♣♦✐♥* ❞✬❛❜5❝✐55❡ (k − 1) + 1 = k ❛✈❡❝ ✉♥❡ ♣#♦❜❛❜✐❧✐*6 ♥♦♥ ♥✉❧❧❡ ✭E 5❛✈♦✐#

k

k + 1
✮ ❝❡ 3✉✐ ✈❡✉* ❞✐#❡

3✉❡ k ∈ Xn+1(Ω)✱ 5♦✐* 5❡ #❡*#♦✉✈❡# ❛✉ ♣♦✐♥* ❞✬❛❜5❝✐55❡ 0 ❛✈❡❝ ♣#♦❜❛❜✐❧✐*6 ♥♦♥ ♥✉❧❧❡ ✭E 5❛✈♦✐#

1

k + 1
✮✱ ❝❡ 3✉✐ ❞♦♥♥❡ ❞♦♥❝

0 ∈ Xn+1(Ω)✳
❖♥ ❛ ❞♦♥❝ ♠♦♥*#6 3✉❡ 0 ∈ Xn+1(Ω)✱ ❡* ∀k ∈ {1, . . . , n+ 1}✱ k ∈ Xn+1(Ω)✱ ♦♥ ❛ ❞♦♥❝ {0, . . . , n+ 1} ⊂ Xn+1(Ω)✳
2♦✉# ❧✬✐♥❝❧✉5✐♦♥ #6❝✐♣#♦3✉❡ ✿ 5♦✐* ω ∈ Ω✱ ❛❧♦#5 ❞✬❛♣#:5 ❧❛ #:❣❧❡ ♦♥ ❛ 5♦✐* Xn+1(ω) = Xn(ω) + 1✱ 5♦✐* Xn+1(ω) = 0✱ ❞♦♥❝

❝♦♠♠❡ Xn(ω) ∈ {0, . . . , n} ❞✬❛♣#:5 ❧✬❤②♣♦*❤:5❡ ❞❡ #6❝✉##❡♥❝❡✱ ♦♥ ❛ 5♦✐* Xn+1(ω) ∈ {1, . . . , n + 1}✱ 5♦✐* Xn+1(ω) = 0✱ ❞♦♥❝

Xn+1(Ω) ⊂ {0, . . . , n+ 1}✳ ❉✬♦@✱ ♣❛# ❞♦✉❜❧❡ ✐♥❝❧✉5✐♦♥✱ Xn+1(Ω) = {0, . . . , n+ 1}✱ ❞✬♦@ ❧✬❤6#6❞✐*6✳

❉✬♦@ ♣❛# #6❝✉##❡♥❝❡ 5✉# n✱ ♦♥ ❛ ❜✐❡♥ 3✉❡ ∀n ∈ ◆✱ Xn(Ω) = {0, . . . , n}✳
✸❛✮ ❯*✐❧✐5♦♥5 ❧❛ ❢♦#♠✉❧❡ ❞❡5 ♣#♦❜❛❜✐❧✐*65 *♦*❛❧❡5 ❛✈❡❝ ❧❡ 5②5*:♠❡ ❝♦♠♣❧❡* ❞✬6✈:♥❡♠❡♥*5 ([Xn−1 = i])0≤i≤n−1 ✭❝✬❡5* ❜✐❡♥ ✉♥

5②5*:♠❡ ❝♦♠♣❧❡* ❞✬6✈:♥❡♠❡♥*5 ❝❛# ❞✬❛♣#:5 ❧❛ 3✉❡5*✐♦♥ ♣#6❝6❞❡♥*❡✱ Xn−1(Ω) = {0, . . . , n− 1}✮ ✿

∀k ∈ {1, . . . , n}, P (Xn = k) =

n−1
∑

i=0

PXn−1=i(Xn = k)P (Xn−1 = i)

❖#✱ ❞✬❛♣#:5 ❧❛ #:❣❧❡ ✭❡* ❝♦♠♠❡ ♦♥ ❧✬❛ ❢❛✐* #❡♠❛#3✉6 ❛✈❛♥*✮✱ 5♦✐* Xn ♣#❡♥❞ ❧❛ ✈❛❧❡✉# 0✱ 5♦✐* ✉♥ ❞❡ ♣❧✉5 3✉❡ Xn−1✳ ❉♦♥❝ ❝♦♠♠❡

k 6= 0✱ ♦♥ ❛ PXn−1=i(Xn = k) = 0 5✐ i 6= k − 1 ❡* PXn−1=k−1(Xn = k) =
k

k + 1
✳ ❊♥ #❡♣♦#*❛♥*✱ ♦♥ ❛ ❧❛ ❢♦#♠✉❧❡ ❞❡♠❛♥❞6❡✳

✸❜✮ ▼♦♥*#♦♥5 ♣❛# #6❝✉##❡♥❝❡ 5✉# n ∈ ◆ ✿ Pn❂✓ ∀k ∈ {0, . . . , n}✱ P (Xn = k) =
1

k + 1
un−k ✔✳

2♦✉# k = 0✱ ❧✬6❣❛❧✐*6 P (Xn = 0) = un ❡5* ❧❛ ❞6✜♥✐*✐♦♥ ❞❡ un✱ ❞♦♥❝ ✈#❛✐❡ ♣♦✉# *♦✉* n✱ ❡♥ ♣❛#*✐❝✉❧✐❡# ♣♦✉# n = 0✱ ❝❡

3✉✐ ❞♦♥♥❡ P0✳ ❙✐ n ≥ 1 ✿ ♣♦✉# k = 1✱ ❧❛ ❢♦#♠✉❧❡ ❞❡ ❧❛ 3✉❡5*✐♦♥ ♣#6❝6❞❡♥*❡ ❞♦♥♥❡ P (Xn = 1) =
1

2
P (Xn−1 = 0)✱ ❞♦♥❝ ♣❛#

▲✐♦♥❡❧ ❉♦'❛)✱ ▲②❝-❡ ❈❧❛✉❞❡ ❋❛✉'✐❡❧✱ ❙❛✐♥) ❊)✐❡♥♥❡ ✸✹


